Rapid distortion analysis is used to modify the form of the closure model for the dissipation rate of the turbulent kinetic energy. The modification is such that the evolution of the dissipation rate during a rapid compression is predicted exactly; good agreement between the model prediction and direct simulation data is obtained. Previous closure proposals fail to properly predict the rapid compression case. The reason for the difference between the present and previous models is traced to the fact that previous workers neglected variations of kinematic viscosity.
I. INTRODUCTION
The ability to correctly predict a wide range of flowsincluding those associated with internal combustion engines, hypersonic flight, supersonic combustion, and astrophysical phenomena-depends in large part on how well one is able to model the behavior of compressible turbulence. Unfortunately, the accuracy of current compressible turbulence models is often unacceptable (see, for example, Vuong and Coakley' ). Typically, the Reynolds stresses are modeled using an eddy viscosity based on the turbulent kinetic energy k and its dissipation rate E, and transport equations for k and E must be closed. The objective of this study is to improve the closure model for the E equation in predicting flows under bulk compression. There is an acute need for compressible models that are reliable at various Reynolds numbers, Mach numbers, and strain rates. By requiring a model to be exact for one limiting case, it is hoped that it will represent the physics better for all flows.
Our approach is to compare model predictions with results from direct numerical simulation (DNS) of homogeneous compressible turbulence at low fluctuation Mach numbers (velocity fluctuations small compared to the local sound speed) subjected to rapid three-dimensional (spherical, isotropic) compression. An advantage of considering this type of straining is that it allows rapid distortion theory (RDT) to be used to rigorously test and modify the models. In particular, RDT determines the form of the model equation for the transport of the rate of turbulent kinetic energy dissipation required in the rapid compression limit. This study is therefore relevant to the fields of two-equation and second-order modeling.
The use of RDT for spherically compressed flows to derive a closure to the E equation was introduced by Reynolds.2 Morel and Mansour extended Reynolds' work to admit other types of compressions, including those most relevant to internal combustion engines (one-dimensional and cylindrical-radial compressions). Recently, the Morel and Mansour model has been included in Mao's4 numerical study of flows in internal combustion engines. Although the imposed compression rates were not rapid (which implies that the model could not be exact), fairly good agreement with experimental data was reported. A direct comparison of RDT with measurements of turbulence within internal combustion engines has been made by Hoult and Wong,5 who concluded that the theory can duplicate the experimental data reasonably well. These studies provide examples of the way in which RDT can be applied to problems of practical interest.
Spherical compression of turbulence at low Mach number has also been studied by Wu et aL6 who have also compared model predictions with DNS data. One of their primary conclusions was that a third model equation-in addition to the transport equations for turbulent kinetic energy and its dissipation rate-which represents the evolution of a turbulent time scale, was required to reproduce the DNS results. While the third equation may be necessary for general flow conditions, we find that a properly modified E equation is sufficient to capture the behavior of k and E when the compression rate is rapid compared to the turbulence time scales.
The purpose of this paper is to reexamine and generalize the previous rapid distortion analyses of Reynolds2 and Morel and Mansour, and to explore the implications for closure of the E equation. We find that the validity of the previous studies is limited, since they neglect the variation of kinematic viscosity during the compression, and make use of an equilibrium relationship that is not appropriate during rapid strain. In what follows, RDT is used to determine the modification to the E equation required to follow the low Mach number turbulence through a rapid spherical compression. Predictions given by the various models are compared with results of direct simulations of homogeneous compressible turbulence. The physical implications of the suggested model and the likely effects of Mach and Reynolds numbers are discussed.
II. RAPID COMPRESSION AT LOW FLUCTUATION MACH NUMBER
We consider homogeneous compressible turbulence at small fluctuation Mach number. The turbulent velocity is effectively divergence-free and the density is uniform in space but may vary with time. The flow experiences a mean strain given by
with
where U; is the mean (ensemble averaged) velocitv and D " the mean divergence; here D < 0, denoting a mean compression, The class of strains defined by ( 1) and (2) will maintain the homogeneity of a flow that is initially homogeneous, for any straining history D(t), since the density depends only on time.7 Ifp was not uniform in space, Blaisdell et al.' have shown that the mean dilatation introduces inhomogeneity unless the compression follows a specific time history,
(this is the strain which causes the length of a fluid element to change at a constant rate; it is used in the simulations discussed below).
For the low Mach number, isotropic compression case, the equations that describe the evolution of the turbulent kinetic energy, k = 4 a,~,, and the enstrophy, w 2 -
and
During a rapid compression, the dominant terms on the right-hand side of (4) and (5) are those which contain I), since the time scale of the mean compression, 10 -'1, is much smaller than the time scales associated with the other source terms: for Eq. (4)) this amounts to making the classic RDT assumption, IDk /E] 9 1 (Hunt' ), while in (5) , where Re, is the turbulent Reynolds number k 2/~v, we observe that the RDT regime is defined by both the strain rate and the Reynolds number of the flow; as Re, increases, the D required to satisfy the RDT constraints also increases.
A rapid spherical compression therefore leads to dk -= +Dk (6) dt and dco= v------z -$Dco2.
(7) dt From (6) and (7) we have
where D *(t) = ~-hD(u)dc~. It can be shown, using the results of this and later sections [Eqs. (8) , (9), (15), (16), and (22)], that as t-t co, IDk /e] increases during a rapid compression and decreases during an expansion. For the straining given by ( 3), this holds for almost all gases of interest [those which demonstrate viscosity variations such that the exponent in Eq. ( 15 ), n < 2/3 ( y -1) 1. The other RDT constraint, ]O/Jw'i], exhibits the opposite behavior and grows only during an expansion. Thus, (6)- ( 9) are in genera1 only valid for times short compared to (D -' 1. However, because compressions can continue only for a finite time before the flow volume collapses to zero [under the Eq. (3) straining, this occurs at t = -3/O(O) 1, for the D(t) <O case considered here, the RDT results above may apply for a large fraction of the total straining history.
MODELIMG RAPID COMPRESSION
We now use the rapid distortion analysis of the previous section to evaluate compressible turbulence models for low Mach number flows. In the case of spherical compression, the Reynolds stress and kinetic energy transport equations are consistent with RDT, since they are exact (i.e., involve no modeling). Our focus must therefore be on the E equation, which must be modeled. A form appropriate for low Mach number compressible cases is (Gosman and Watkins,' Reynolds,* Morel and Mansour;' see also El Tahry" for an alternative form, discussed below) p dt ( 6,,,$ I ) = $(C, P-c,pe:)
The production of k, P = -p ui ui S,, is modeled using the eddy viscosity assumption as
. Popular values for the model constants used in ( 10) and ( 11) The coefficient C, has been included in ( 10) so that the E equation can be made exact for rapid spherical compressions (Reynolds* ); our objective is to find the appropriate value for C, . We first apply the E equation to the (not necessarily rapid) spherical mean compression of homogeneous turbulence, The production of k is then P = -2pkD /3, the diffusion terms vanish, and (10) reduces to
We now use the fact that for a homogeneous low Iviach number flow 6~ vw2. (12) and (13) containing C, are insignificant. comparing ( 13) with (7), we see that for the E equation ( 10) to be exact during a rapid spherical compression, the model constants must satisfy
For an ideal gas with constant specific heats and temperature-dependent viscosity given by
we have (assuming an isentropic compression)
so that (14) can be written
where y is the ratio of specific heats.
This expression for C, is different from that proposed by Reynolds' and Morel and Mansour, c, = (7 -2c, )/3.
(18) The origin of the difference and a comparison of the resulting dissipation predictions will be discussed below.
IV. COMPARISON WITH DIRECT SIMULATION RESULTS
Now that we have proposed a new formulation for the E equation, we turn our attention to its verification. The basis for evaluating the models associated with the new and previous expressions for C, , Eqs. ( 14) and ( 18), respectively, will be DNS data. In a DNS, turbulent flow fields are generated by numerically solving the Navier-Stokes equations, resolving all relevant scales of motion, without resorting to turbulence models. Although DNS results are limited to low Reynolds numbers, they contain no modeling errors-and can therefore be viewed as "experimental data" for our purposes. Since viscous effects are negligible during a rapid compression (i.e., 1 Dk /E] = 1 D/2 '/VI $ 1 ), the fact that the DNS data are at low Reynolds number should not be a disadvantage here.
One of the Wu et al6 simulations of low Mach number, spherically compressed turbulence (their Case SQF) had a sufficiently high compression rate so that the results can be used for the model evaluation. In the Wu et al. simulations the fluctuation velocity was solenoidal, and the incompressible form of the transport equations was used, so the fluctuation Mach number, Mm,, was identically zero. The imposed compression followed (3), with (Dk /E). = -70.5 (a zero subscript will be used throughout to denote an initial value). The initial production of k was thus 2 (70.5)/3 = 47 times larger than the initial dissipation rate of k, consistent with rapid compression. The other parameter defining this flow was the initial turbulent Reynolds number: (Re,), = (k 2/e~)0 = 5.1 for Case SQF. This Reynolds number, which we shall see is high enough so that viscous effects are not important, implies that (D/p), = (Re,), "2(Dk/e), = -31.2. Since (Dk/&, and ID/@I, were s 1, both measures of rapid distortion were satisfied.
We have also run an independent simulation of this case, using the fully compressible Navier-Stokes code of Blaisdell et al. with initial Mm, = 0.04, (Dk/e), = -70.5, Re, = 5.1, y = 1.4, and viscosity exponent n = 0.75 (other run parameters are listed in the Appendix).
The dissipation histories of the computations are presented in Fig. 1 ; very good agreement is observed between the Wu et al. results (symbols) and the present simulation data (dotted curve) over the time interval shown, t<0.5/,So = 0.5/[ -D(O)/3]. At Sot = 0.5, the compression has progressed halfway to the "singularity time," the point at which the density becomes infinite. Over this range, 1 Dk /E\ increases from 70.5 at .!i', t = 0 to 15 1 at S, t = 0.5, while ID /@I falls from 30.2 to 15.1. The latter is predicted by (3) and (9), which imply ID/&&,/lD/@I = 1 ---Sot. Since both RDT parameters remain large for the time considered, the rapid distortion approximations should accurately represent the Fig. 1 histories. In fact, from the above expression we have that for S, t < 0.8, ID /@ I > 5, so the RDT results are apt to be valid at times later than those presented in Fig. 1 .
Also shown in Fig. 1 are the predictions given by ( 12) when C, is defined by ( 18) (dashed curve) and ( 14) (chaindotted). The accuracy of the latter, and inaccuracy of the former, is striking. The slight difference between the DNS results and the Eq. ( 14) prediction is caused by the use of a nonzero "decay constant" (C, = 1.92) in( 12). When C, is set to zero, the solid curve shown in Fig. 1 is obtained, which agrees even better with the DNS data. The model comparison thus seems to strongly validate the approach and results of the previous section.
V. DISCUSSION AND CONCLUSIONS
An important step in each of the previous authors' derivation of Eq. ( 18) was a seemingly sound assumption concerning the behavior of the flow during a rapid compression. For example, Reynolds assumed that the bulk angular mo- mentum is conserved, while Morel and Mansour assumed that a turbulent length scale varies in direct proportion to the imposed mean compression. Since we now advocate a different C, , it is reasonable to determine what physical constraint is implied by (14), and how it is related to the previous "physical" pictures of the effect of mean compression on the flow. To do this, we follow an analysis like that of Morel and Mansour, beginning with a Taylor microscale, /2, defined as ,I'= k/u2. Differentiating ( I9 ) leads to
Substituting the RDT relations (6) and (7) into (20) gives
Upon integrating (2 I), and using the continuity equation, dp dt= -pD,
we find that the constraint satisfied during a rapid compression is p/z 3 = const.
(23) During a rapid compression the Taylor microscale and the velocity correlation integral scale 1, remain proportional to each other, since the "shape" of the energy spectrum does not change ( Wu et aL6 ), so we can recast (23) as pl: = const.
(24) Equation (24) is the physical constraint associated with ( 14). The above expression implies that during a rapid compression, the "size of the large eddies" scales on the size of the flow domain-a consequence of the fact that during a rapid spherical compression, any length scale defined using the energy spectrum alone will scale directly with the total strain. This constraint seems plausible, and is in fact identical to that invoked by Morel and Mansour to recommend ( 18)) with the critical exception that they took "eddy size" to be the dissipation length scale, L, = C2/4k 3'2/a Reynolds also interpreted L, to be the size of the large eddies, and postulated that during the compression k 2/e = const (consistent with conservation of angular momentum of the turbulence). The reason that both of these assumptions led to ( 18)-an expression for C, which has been found to be inaccurate-is that in order to relate i, to L,, one needs to assume either equilibrium between the large and small scales, or that Y remains constant. During a rapid compression, the turbulence is not in equilibrium (since there is no turbulent transfer of energy between scales), and the size of the large eddies will not in general be given by L,. From (8)) (9)) and ( 19), we have L,/A -L,/I, -I/Y, which demonstrates that 1, will scale with L, only when Y remains constant during the compression (so that E remains proportional to the enstrophy) . This is also borne out by comparing Eqs. ( 14) and ( 18), where we see that when dv/dt = 0, the two expressions for C, are identical. For Y to remain constant would require the dynamic viscosity to vary in exactly the same manner as thedensity; for an isentropic, constant yideal gas, the viscosity law exponent in (15) would have to be n = l/(y-1), which is in general not the case.
Wu et aL6 proposed a three equation scheme that models the evolution of k, E, and a turbulent time scale, to correctly capture the E history during a rapid three-dimensional compression. It is possible that three equations are needed for general compressible flows, but we have shown that by modifying the E equation, rapid isotropic compression may be correctIy represented using the k-e set. Identical results could be obtained using a k-enstrophy approach. Our findings are relevant for both two-equation and second-order compressible turbulence models, and Eq. ( 14) should have a place in both fields.
It is noteworthy that our conclusions are independent of Reynolds number, since an inviscid analysis was used to derive a model constant that matches low Reynolds number DNS data. When compressibility effects are significant, Mr,, is not small, and terms such as the pressure-dilatation correlation, and the dilatation dissipation, which were neglected in our analysis, will not necessarily be small. However, since the mean production terms will still dominate, the low M,,, results should still be approximately valid.
The importance of incorporating the compression-induced variation of y in the dissipation equation that we have found above has been previously pointed out by El Tahry. lo His recommended form of the eequation may be obtained by neglecting C, , but keeping the dw'dt term, in ( 14); because C, is neglected, the model advocated by El Tahry will not be exact for the case of rapid spherical compression.
By requiring a model to correctly predict a rapidly strained flow, our goal has been to improve its accuracy for other situations. The degree to which this goal is met, as well as the performance of El Tahry's, Reynolds', and Morel and Mansour's models when applied to nonrapid, arbitrarily strained cases, will be addressed in a future paper. given by "top-hat" spectra, 7 and then allowing the flow to decay without imposed strain, to a mature turbulent state which is determined by the velocity derivative skewness attaining a value u -0.4. At this state, mean compression was imposed upon a mature flow with the characteristics listed in Table I ; these values were chosen to duplicate those found in Case SQF of Wu et a1.6 To match the Case SQF compression, the straining given by (Dk /E)~ = -70.5, withD(t) = D(O)/[ 1 + D(O)t /3],wasprescribed,Further details concerning the solution procedure and numerical method may be found in Blaisdell et al7
